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d4u
dx4 = f dans ]0,1[

u(0) = u′(0) = u(1) = u′(1) = 0

��P=9�UVDRFN_JS;9LIMH SLHgF=_J�NSj@E?aHJUVHJ<sB F�dxP=<=HX�%D6PRBCbMHgInD6P=UV9;InH�� P=<�?���@Ebn:6HJUVHJ<sB
f
5

����� ������ !�#"
$&%(')�#*+ ,!-/.0$1*� 2,!�#')�#*+ 2.3%5476 8���9 �:')-/.
; HJI ?JD6<=FN9LBC9LD6<=I @EPRQ S;9;UV9LBMHJI F=Hi?aHaBnBCHi_��"P=@kBC9LD6< @EPRQ F=_Jbn9LlE_JHJIg�=@EbnBM9;HJSLS;HaI`InD6<sB

S;HJI ?aD6<=F=97BC9;DE<=ItF=HX^ 9LbM9;?��NS;HaB HqB F=H5<`HaP=Um@k<=<
�ND6U DE:��J<=HaIJ5

= P)>@?�ACB P)> 4DACB(?i>NQRHXS;@ilE@kS;HJPNbOF=HYP
��? IMP=b SLHJIE� D6bMF=Ia5
= P�d�>@?FAGBgP dH> 4IACB(?i>NQRHZS;@iF=_Jbn9LlE_JHYF=HYP @kPRQ2� D6bMF=IJ�K?N5

� <TU D"F=_aS;9;InH P���@EbOS dxD6bnF=D6<=<=_aHgF�dxP=<=HX�%D6PRBCbMHYHa<�fhD6<N?aBC9LD6<cF=H Q%5
QLB(?'HaBOQMBi4XbnHJ�=bn_JInHJ<sBCHa<�Bg@ES;D6bnItS;HaIOF=HJP"Q�HqQ"BCbnHJUV9LBC_aI F=HYSj@i� D6PNBCbnHE5LN`9;<=In9O�

= P)>@?�ACB P)> 4DACB(? IM9;:E<=9L>�HP��P=HXS;HaIJ� D6bnF=I F=HYSj@ �%DEPNBCbnHXInHXBMbMD6PRl6HJ<sB HJ<�P=< SL9;HJP
>NQRHE5

[



= P�d�>@?FAGBgP dH> 4IACB(?YIM9;:E<=9L>�HE��P=HKSj@g� D6PNBMbMH � IJdxHJ<RfhD6<=?JH � F�@k<=I S;HJI UiPNbMIJ5�� S;SLHtHJI B
BCD6P��nD6P=bMI D6b B �=DE:6D6<�@ESLH(� ?JHaI`F=HabM<=9LHJbnIKInP=b IMHaI � D6bMFNIJ5
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La poutre 

Les murs 

x=0 x=1 

u=0 

<KD6P=IO@ESLS;D6<NI�F�@E<NIOP=<=Hg�=bnHJUV9��JbnH _qB�@E� Hg?��=HJbn?��=HJb P=<NH fhD6bMUiPNSj@kBM9;D6<'lk@EbM9;@kBC9LD6<��
<=HJSLS;Hg_ ��P=97lk@ES;Ha<�BMH5�'?aHY�=bMD��NS��JUVH �

w
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� <�InP=�=� D6IMH
f ∈ L2(Ω)

5t8RD69LB
v ∈ V � V _aBC@E<sBcS dxHJIn��@E?aH D���InH BCbnD6PNl6H

uIMD6SLPNBC9LD6< � ��P=H SrdeDE< F=_qBCHabMUV9;<=HabC@Y�=S;P=I B�@kbMF�5 � <mInP=�=� D6IMH`�%D6PNb Srde9L<=InBC@E<sB ��P=H
v
HaInB

@EP�UVD69L<=ItF�@E<NI
L2(Ω)

5 � <�@VFND6<=?
d4u

dx4
v = fv

^ dxD��
∫ 1

0

d4u(x)

dx4
v(x)dx =

∫ 1

0

f(x)v(x)dx

� <TD��NBM9;HJ<sB � ��@EbOP=<=HY�=bnHJUV9��abMHg9;<sBM_J:6bM@kBC9LD6<c��@EbO��@kbnBC9LH

[u(3)(x)v(x)]10 −

∫ 1

0

u(3)(x)v′(x)dx =

∫ 1

0

f(x)v(x)dx

� b
v ∈ V ⇒ v(0) = v(1) = 0 � F=D6<=?YD6<�@

−

∫ 1

0

u(3)(x)v′(x)dx =

∫ 1

0

f(x)v(x)dx

� @Eb P=<=HYIMHa?JD6<=FNHZ9L<�BM_J:6bM@kBC9LD6<c��@EbO�=@EbnBM9;H � D6<�@

−[u′′(x)v′(x)]10 +

∫ 1

0

u′′(x)v′′(x)dx =

∫ 1

0

f(x)v(x)dx

� D6P=b S;HaIOU��aU HaIObC@E9LIMD6<=I/��P=HY�=bn_J?J_aF=HJUVUVHJ<sB � D6<�@
v′(0) = v′(1) = 0

^ DE<=?
∫ 1

0

u′′(x)v′′(x)dx =

∫ 1

0

f(x)v(x)dx

; @ifhD6bMU P=Sj@kBM9;D6<Vlk@EbM9;@kBC9LD6<=<=HaS;S;H`?A@E<NF=9;F�@,BCHgHJI BKF=D6<=? �
{

Trouver u ∈ V telle que

∀ v ∈ V,
∫ 1

0
u′′(x)v′′(x)dx =

∫ 1

0
f(x)v(x)dx

� HJI BCH5� F=_aBMHJbMUV9;<NHJb
V
5

� D6P=b ��P=H ∫ 1

0
u′′(x)v′′(x)dx

IMDE9LB)�=9LHJ<YF=_a>=<=9;H � 9;SEf2@kPNB)��P=H u HaB
v
@E�=�=@EbnBM9;HJ<N<=HJ<sB

�
H2(Ω)

5 ^ H �=SLP=I � D6< IC@E97B ��P=H
u

HqB
u′

Iad]@E<N<"PNS;HJ<sBcInP=bmSLH
� D6bnF�5�^`D6<=? D6<�@
u,v ∈ H2

0 (Ω) � D�� H2
0 (Ω) = {v ∈ H2(Ω),γ0v = 0 et γ1v = 0}

5 ; @cfhD6bnUiP=Sj@,BC9;DE<
lE@kbM9j@,BC9;DE<=<=HJSLS;HK?A@E<NF=9;F�@,BCHYHJI B @kS;D6bnI �

{

Trouver u ∈ H2
0 (Ω) telle que

∀ v ∈ H2
0 (Ω),

∫ 1

0
u′′(x)v′′(x)dx =

∫ 1

0
f(x)v(x)dx

o



� @k9;<sBCHa<�@E<sB � U D6<sBMbMD6<=I+�"PNHcSj@ bn_J?J9L�=bMD ��P=HcHJI B l"bC@E9LHE5 8"D69;Ha<�B
u,v ∈ H2

0 (Ω)BCHJSLS;HaIE�"PNH
∫ 1

0

u′′(x)v′′(x)dx =

∫ 1

0

f(x)v(x)dx

� @Eb F=HJPRQc9;<sBC_a:6bC@kBM9;D6<NIt��@Eb ��@Eb BC9LHgIMP=?a?JHJIn9LlEHJI � D6<TD��NBM9;Ha<�B �

[u′′(x)v′(x)]10 −

∫ 1

0

u(3)(x)v′(x)dx =

∫ 1

0

f(x)v(x)dx

⇔ −

∫ 1

0

u(3)(x)v′(x)dx =

∫ 1

0

f(x)v(x)dx

@EP�InHJ<=IKF=HaIKFN9;InBMbM9��=PNBC9LD6<=I � ?A@kb γ1v = 0
5

⇔ −[u(3)(x)v(x)]10 +

∫ 1

0

u(4)(x)v(x)dx =

∫ 1

0

f(x)v(x)dx

⇔

∫ 1

0

u(4)(x)v(x)dx =

∫ 1

0

f(x)v(x)dx

?A@Eb
γ0v = 0

⇔

∫ 1

0

(u(4)(x)− f(x))v(x)dx = 0,∀v ∈ H2
0 ([0,1])

⇒ u(4)(x)− f(x) = 0
F�@E<=I

D′(Ω)
⇒ u(4)(x) = f(x)

@EP�InHJ<=IKF=HaIKFN9;InBMbM9��=PNBC9LD6<=I
HaB
u ∈ H2

0 ([0,1]) ⇒ u(0) = u′(0) = u(1) = u′(1) = 0

^ DE<=?
(FV ) ⇒ (P ) � ?aH!�"PN9tIM9L:6<=9L>=H ��P=HcS;Hm�=bMD��NS��JUVHmFNHGF=_J�=@EbnB'HaInB'_ ��P=9 �

lE@kS;HJ<sB � S;@ fhD6bnUiP=S;@kBC9LD6< lk@EbM9;@kBC9LD6<=<=HaS;S;H ?A@E<NF=9;F�@,BCHE5 � HJI BCH � l6_abM9L>=HJb��"PNH ?EdxHJI B
P=<=HYfhD6bMUiPNSj@kBM9;D6<VlE@kbM9j@,BC9;DE<=<=HJSLS;H`@EP�IMHJ<NI`F=P�?JDEP=bMIa5

�



� D6PNB F�de@ � D6bMF � HJInB � ?aH � ��P=HXS dxHJIn��@E?aH
V

HaInBKP=<��`9;S��%HabnB��

H2
0 ([0,1])

HJI B�P=<YIMD6P=I � HaIM��@E?aH lEHJ?qBCD6bn9;HJSEF=H
H2([0,1])

?A@Eb
H2

0([0,1]) ∈ H2([0,1])HaB
γ0

HaB
γ1

IMD6<sB0F=HJI�fhD6bMUVHJI�SL9;<=_J@E9;bnHJIa5 � <Z� HJPNB)F=DE<=? SLH UiP=<=9Lb�F=H Sj@tU �JUVH <ND6bMUVHE5
� P=9LIC��P=H

H2
0 ([0,1])

HaInB�9;<=?aS;P=I F�@E<NI�P=<GHaIM��@k?JH FNH��`9LS�� HJb B � � D6P=b U DE<�BMbMHab ��P=H
?EdxHJInB P=< HaIM��@E?aHi?JDEU �=SLHaB � 9;S�IMP��VB F=H UVD6<sBCbnHJb/��P�dx9;S�HJI B fhHJbnU _k5 � D6P=b`?JHaSj@ � <=D6PNI@ES;SLD6<=I�FN_a>�<=9LbtP=<=HYInP=9LBMH

(xn)n∈N

F de_aS;_JUVHJ<sBMIOF=H
H2

0 ([0,1])
?aD6<sl6HabM:6Ha<�BMHE5 � <cIC@E97B

�"P d �'�=bM9LD6bM9 IC@'S;9;UV9LBMH
x

HJI B`F=@E<=I
H2([0,1])

5 � D6<sBCbnD6<=I/��P=H
x ∈ H2

0 ([0,1])
5

p�D6UVUVH
∀n ∈ N � xn ∈ H

2
0 ([0,1]) � DE<�@

γ0(xn) = γ1(xn) = 0
5

xn ∈ H
2
0 ([0,1]) ⇒ xn ∈ H

1([0,1])

� b
γ0

F=_a>=<=9;HYF=H
H1([0,1])

F=@E<=I
H

1
2 ({0,1})

HJI B`?aD6<sBC9L<"PNHXFND6<=?

γ0(xn) = 0 → 0
��P�@E<=F

n→ +∞

HaB
γ0(xn) → γ0(x)

�"P=@E<=F
n→ +∞

^ D6<=?
γ0(x) = 0

5
^ HmU��aU H D6< � HJPNB FN9;bMH �"PNH

γ1
F=_a>�<N9;HGInP=b

H2([0,1])
HJI B ?JD6<sBM9;<�P=Hc?A@kb D6<

�%HaPNBKSj@ F=_a>=<=9;bO:6b	�E?JH5�
γ0
�
γ1(x) = γ0(x

′)
@Al6HJ?

x′ ∈ H1([0,1])

� @Eb S;H U �JUVHgbC@E9LIMD6<N<=HJUVHJ<sB � DE<�@ ��P=H
γ1(x) = 0

5
^ DE<=?YD6<�@

γ0(x) = γ1(x) = 0 � F=D6<N? x ∈ H2
0 ([0,1])

5

H2
0 ([0,1])

HJI B P=<�fhHJbnU _ F=@E<=I P=< ?aD6U �NS;HaB � F=DE<=? H2
0 ([0,1])

HaInB ?JDEU �=SLHaBJ5
H2

0 ([0,1])
HJI B �N9;HJ<TP=<�HJIn��@E?aHZF=H
�K9;S�� HJb BA5

� D6InD6<=I
a : H2

0 ([0,1])
Q
H2

0 ([0,1]) → R

(u,v) →
∫ 1

0
u′′(x)v′′(x)dx

� InB � ?aH � ��P=H
a
HJInB`P=<=HgfhD6bnU H �=9;SL9;<=_J@E9;bnH ?JDE<�BM9;<�P=HYHaB

V
� HJSLS;9;�RBC9���P=H��

z



� < lED69LB0?JS;@E9;bnHJUVHJ<sB �"PNH
a
HJI B P=<=H fhD6bMUVH �N9;S;9L<=_A@k9;bMH HqB I � UV_aBMbM9��"PNHE5 � D6<sBCbnD6<=I

�"P deHaS;S;HgHaInB`?JD6<sBM9;<�P=HE5

|a(u,v)| = |

∫ 1

0

u′′(x)v′′(x)dx| ≤ ||u′′||L2(Ω)||v
′′||L2(Ω)

F�d]@k�=bC�aI`Srde9L<=_J:s@kS;9LBM_`FNH pt@kP=?�� � 8"?�����@Eb��E5
� b �

||u||2H2
0([0,1]) = ||u||2L2(Ω) + ||u′||2L2(Ω) + ||u′′||L2(Ω)^ DE<=?

||u||2H2
0([0,1]) > ||u

′′||L2(Ω)N`9;<=In9 � DE< @
|a(u,v)| ≤ ||u′′||H2

0 (Ω)||v
′′||H2

0 (Ω)?JH5�"PN9�U D6<sBMbMH(��P=H
a
HaInB`?JD6<sBC9L<�P=HE5 � HJI BCH5� U D6<sBMbMHJb S;@�� � HaS;SL9;�NBM9;?J97BC_k5

8RDE9LB
v ∈ H2

0 (Ω)
5

a(v,v) =

∫ 1

0

(v′′(x))2dx = ||v′′||2L2(Ω)

v ∈ H2
0 (Ω) ⇒ v′ ∈ H1

0 (Ω) � FND6<=?iD6< �%HaPNBY@E�=�NS;9���P=Hab`SLHZBC�=_JD6bG�JUVHiF=H � D69;<��
?A@Ebn_E5 � < @ F=DE<=?

||v′||L2(Ω) ≤ CΩ||v
′′||L2(Ω)^ HTU �JUVH � v ∈ H2

0 (Ω) ⇒ v ∈ H1
0 (Ω) � F=D6<N? ||v||L2(Ω) ≤ CΩ||v

′||L2(Ω) ≤
C2

Ω||v
′′||L2(Ω)^ DE<=?Y�%D6PNb

v ∈ H2
0 (Ω) � DE<�@

||v||2H2
0(Ω) = ||v||2L2(Ω) + ||v′||2L2(Ω) + ||v′′||2L2(Ω)

≤ C4
Ω||v

′′||2L2(Ω) + C2
Ω||v

′′||2L2(Ω) + ||v′′||2L2(Ω)

≤ (1 + C4
Ω + C2

Ω)||v′′||2L2(Ω)^ dxD��
||v′′||2L2(Ω) ≥

1

1 + C4
Ω + C2

Ω

||v||2H2
(Ω)

� <'�%DEIMH
α = 1

1+C4
Ω+C2

Ω

HaB D6<V@
a(v,v) ≥ α||v||2

H2
0(Ω)

5
a
HJInB �=9LHJ<�� HaS;S;9L�NBC9���P=HE5

�



� @k9;<sBCHa<�@E<sB � � D6IMDE<=I

L : H2
0 (Ω) → R

v →
∫ 1

0
f(x)v(x)dx

� InB � ?aHXPN<=HgfhD6bMUVHgS;9L<=_A@E9LbMH`?JD6<sBC9L<�P=H �
� < lED69LBVf2@E?a9;S;HaU Ha<sBK�"PNH

L
HJI BGP=<=HTfhD6bnU H�S;9L<=_A@E9LbMHk5 � SOf2@EPNB F=D6<=?�U D6<sBMbMHJb

�"P deHaS;S;HgHaInB`?JD6<sBM9;<�P=HE5

|L(v)| = |

∫ 1

0

f(x)v(x)dx| ≤ ||f ||L2(Ω)||v||L2(Ω) ≤M ||v||H2
0 (Ω)

?A@Eb
||v||L2(Ω) ≤ ||v||H2

0(Ω)

HqB`@ lEHJ?
M = ||f ||L2(Ω)^ DE<=? ; HJI B ?aD6<sBC9L<"PNHE5

� <�@��N9;HJ<TP=<NHYfhDEbMUiP=S;@kBC9LD6<mlk@Ebn9j@kBM9;D6<=<NHJS;SLH @kP�InHJ<=IKF=P�?JD6PNbMIJ5

����� ��*+ 2. ' � 42$ ')�#*� ,2- 8 � �E8 �/9 -/ K' "
 2�
; @g�=bMD"?���@E9L<=HO_aBC@E� HKFNHKS;@gbM_JInD6S;PRBC9;DE< F=H ?JHaBnBCH _ ��P�@,BC9;DE< HaInB F=H ?JD6<NInBCbnP=9;bnH P=<

_JS;_aU Ha<sBK>=<=9��%DEIMIM_aF�@E<sB`?JHJb B�@E9L<=HJI �=bnD6�=bn9;_aBM_JIE��P=HXS dxD6<T@'?��=D69;In9 5 � ?a9 � DE<�@'F=_a?J9;FN_
F=HZ?aD6<=I BCbMPN9;bMHYP=<�_JSL_JUVHJ<sB >�<=9)�'S de@E9;F=HgFNHJIK�%D6S � <��6UVHJIOF=H

P3
��P=9�IMDE9LB F=HX?JS;@EIMInH

H2 HqBKF=HY?JSj@kIMIMH
C1 5� < lE@TF=D6<N?'BMbC@Alk@E9;SLS;Hab IMP=b

(K,Σ,P )
D �

K
HJInBZS;H'InHJ:6UVHJ<sBXF=HVbM_afh_abMHa<=?JH � ΣHJInB S dxHJ<=InHJU �NS;H'F=HJIXF=Ha:6bM_aI F=HVS;9��%HabnBC_ HqB

P
S dxHJIM�=@E?JHVF=HJIZ�%DES � <��6UVHJIYIMPNbZSLH ��P=HJS

D6<�BMbC@Alk@E9;SLS;H � 9L?J9 P = P3
5

� D6P=b bMHaInBMHJbVF�@E<=I SLHc?A@EI':6_a<=_JbM@ES � D6<�lk@ �=bnHJ<=F=bnHTS;HGInHJ:6UVHJ<sB
[0,1]

?JD6UVUVH
bM_afh_abMHa<=?JHk5 � <TIMHYbC@kU �a<=HJbM@'F=@E<=IKSj@iIMPN9LBCHP�'F=HaIKInHJ:6UVHJ<sBMI`F=HgBC@E9;SLS;H

h
5

� <=InP=9LBMH � D6< l6HaPNBZ?JD6<=I BCbnP=9;bnHVPN< _aS;_JUVHJ<sBg>�<N9 F=H'?JSj@kIMIMH
C1 5�^ D6<=?'9;S0f2@EP=F=bM@

BCHJ<N9;b ?JD6UV�NBMHgF=HJIKF=_Jbn9LlE_JHJIK� D6P=b ?��=D69LIM9;bOSLHJIOF=Ha:6bM_aI`FNHXSL9�� HJb BC_E5�p�D6U UVHgS dxHJIn��@E?aH
F=HJIZ�%D6S � <��6UVHJIgHJI B FNH F=9LU Ha<=IM9LD6< w � D6<#@�?��=DE9;IM9 ��P�@,BCbMHVF=Ha:6bM_aI F=HVS;9��%HabnBC_+�"PN9
IMD6<sB`S;HJItlk@ESLHJP=bnIOF=HYSj@ifhD6<=?qBC9LD6<cHaBKF=HYIC@'F=_abM9LlE_JHX@EP �%DEbMFTF=P�IMHJ:EU Ha<�BJ5

Σ = {Φi,i = 1..4}
@Al6Ha?

Φ1(p) = p(0) ; Φ2(p) = p(1) ; Φ3(p) = p′(0) ; Φ4(p) = p′(1)

v



� DE<�BMbMD6<NIJ��P=HY<=DkBCbMHY_aS;_JUVHJ<sBO>�<N9�HJInBJ�=9LHJ<TP=<=9LIMD6S7lk@E<sB � ?kdeHJ@kB � � � F=9LbMH ��P�d �'P=<
�"P=@EF=bMPN�=S;HqB

(α,β,γ,δ)
D6<�@EIMInDR?a9;HYP=<�P=<=9���P=HY� D6S � <��EU H

p
BCHaS ��P=H �

Φ1(p) = α; Φ2(p) = β; Φ3(p) = γ; Φ4(p) = δ

p�HP��P=9�bMHql"9;HJ<sB �'bM_JInD6P=F=bnHYS;HgI � I B �JUVHXIMP=97lE@k<�B �














p(0) = α
p(1) = β
p′(0) = γ
p′(1) = δ

D6PTHa<=?JD6bnHZSLHgI � InBC�JUVHYUm@kBMbM9L?J9;HaS
Ax = b

D��

A =









0 0 0 1
1 1 1 1
0 0 1 0
3 2 1 0









; b =









α
β
γ
δ









HaB
x

?aD6<sBC9;Ha<sB`SLHJIO?aDRH � ?a9;Ha<�BMI ��P=9�FN_a>�<=9LIMInHJ<sB SLHg�%DES � <��6UVH
p
5

p�D6UVUVH
detA = 1 6= 0 � D6<�@ P=<=HYP=<=9���P=HYIMD6SLPNBC9LD6<!� ?JHYI � I B �JUVH � FND6<=?YS dx_JSL_ �

U Ha<�B >�<N9�HJInBKP=<N9;IMDESLlk@E<sBA5

� <T?��=D69LIM9LB

V 3
h = {v ∈ C1(]0,1[),v/[xi,xi+1] ∈ P3},{xi}i=1..N

?JD6UVU H�HJIn��@E?JH F�de@E�=�NbMDAQR9;U @kBC9LD6<�@EInIMD"?J9L_ � <=DEBMbMH _aS;_JUVHJ<sBG>=<=9 5�p�D6<=I BCbMPN9;IMDE<=I
Sj@ ��@EIMH�?A@k<=D6<=9��"PNH�F=H�?JHqBmHaIM��@k?JHE5 ^ @E<NImP=<��=bMHaU 9LHJb BCHaU �NI � BCbM@ lk@E9LS;SLD6<=I @Al6Ha?
xi = {0,1}

5"p�Ha?J9.<=D6P=I @EU��J<=HJ�YF=_a>=<=9;b F=HaPRQ'f2@EUV9;S;SLHJI0F=HOfhD6<=?aBM9;D6<NI
{φi}

HqB
{ψi}�%D6PNb

i = 1,2
5MN`9;<=In9 �















ϕ1(0) = 1
ϕ1(1) = 0
ϕ′1(0) = 0
ϕ′1(1) = 0















ϕ2(0) = 0
ϕ2(1) = 1
ϕ′2(0) = 0
ϕ′2(1) = 0















ψ1(0) = 0
ψ1(1) = 0
ψ′

1(0) = 1
ψ′

1(1) = 0















ψ2(0) = 0
ψ2(1) = 0
ψ′

2(0) = 0
ψ′

2(1) = 1

4�?
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� @k9;<sBCHa<�@E<sB � ?JDE<=InBMbMP=9LIMD6<=I`Sj@���@EIMHZ?A@E<ND6<=9���P=HXF=_q>�<=9;HZIMP=b`P=< 9L<�BMHJb lE@kS;S;HgFN9;I �
?JbM_qBC9LIM_X@Al6HJ?

N
� D69;<sBCI

{xi}i=1..N

@E�=��@kbnBCHa<�@E<sB � � ? 4��
p�D6UVUVH �=bn_J?a_JF=HaU UVHJ<sB � D6<ilk@ F=_a>=<=9;b FNHJPRQZf2@EUV9;S;SLHJI�F=H�fhDE<=?aBM9;D6<=I)BCHaS;S;HaI ��P=H �

{

ϕi(xj) = δij
ϕ′i(xj) = 0

et

{

ψi(xj) = 0
ψ′

i(xj) = δij
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4A[
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� DE<�BMbMD6<NIJ��P=HX?EdxHJI BKP=<=Hgf2@EUV9;S;SLH`SL9��=bnH � ?kdeHaInB � � � F=9;bnH(�"PNH �
N

∑

i=1

αiϕ
i(x) +

N
∑

j=1

βjψ
j(x) = 0 ∀x⇒ αi = βj = 0 ∀i,j

� D6P=b
x = xk � D6<�@

N
∑

i=1

αiϕ
i(xk) +

N
∑

j=1

βjψ
j(xk) = αk = 0 ∀k ∈ N

HaB
N

∑

i=1

αi(ϕ
i)′(xk) +

N
∑

j=1

βj(ψ
j)′(xk) = βk = 0 ∀k ∈ N

^ D6<=?XSj@ f2@EUV9;SLS;HKHJI B`SL9��=bnHE5
4Jw



� DE<�BMbMD6<NI&��P�deHaS;SLH HJI B @EP=InIM9�:E_J<=_abC@kBMbM9;?aHE5N8RD697B
v ∈ V 3

h

5 � I B � ?aH � �"P de9LS HqQR9LInBCH P=<
P=<=9���P=H`\ < � P=�NS;HaB

(αi)i=1..2N

BCHaSL��P=H
v(x) =

∑N

i=1 αiξi(x)
D �

ξi
HJI B PN<=HtfhD6<=?qBC9;DE<

F=HYSj@ ��@EInH �
� D6P=b

x = xk � D6<�@
v(xk) = αk

5.^ D6<=?YD6<��%HaPNBK_J?abM9;bnH(��P=H

v(x) =

N
∑

i=1

v(xk)ϕ
i(x) +

N
∑

j=1

v′(xk)ψ
j(x)

8RDE9LB
w(x) ∈ V 3

h

BMHJSLS;H1��P=H
w(x) = v(x)

IMPNb SLHJI FNHJ:6bn_JI F=H S;9��%HabnBM_ � ?EdxHJInB � � � F=9;bnHHJ< \ < �%D69L<sBCIJ5N S;DEbMIOD6<�@
w = v

?A@Eb D6<�@'S dxP=<=9;InD6SLlk@E<N?JHE5
^ DE<=?YSj@ ��@EInHZHaInBKS;9��=bMH HaBK:6_J<N_JbC@,BCbM9L?JHk5

� < @ F=D6<=? �N9;HJ< ?aD6<=I BCbMPN9LBcS;@ ��@EIMH ?J@E<=D6<N9���P=H F=H ?aHaBTHJIn��@E?aH � HaBTHaS;SLH HJI B
?JD6<=I BC97BCP=_aH F=H FNHJPRQ f2@EUV9;S;SLHJI F=H`fhD6<=?aBM9;D6<NIJ5 ; @+��P=HJI BC9;DE<7��P=9 InH �%DEIMH U @E9L<�BMHJ<�@k<�B
HJInB F=H IC@Al6D69LbT?JD6UVU Ha<sB�DEbM:s@E<N9;IMHabTS;HJIcfhD6<N?aBC9LD6<=ITF=H ?JHqBMBCH ��@EInH SLHJI�P=<=HaI���@kb
bC@E�=� D6b B'@EPRQ @EPNBCbnHJIa5 � < �%D6InH

(ξi)i=1..2N

S;@ <=D6PNlEHJSLS;HG<=DkB�@kBM9;D6< FNHG?JHqBMBCH!�=@EIMHk5
^ HJPRQ�� D6InIM9��N9;S;97BC_aItIJdxD � bMHJ<sB � <=D6P=I��

{

ξi = ϕi i = 1..N
ξi+N = ψi i = 1..N

ou

{

ξ2i−1 = ϕi i = 1..N
ξ2i = ψi i = 1..N

4 o
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MATRICE DE RIGIDITE 2

2.N−4 

2.N−4 

; @ S;@EbM:6HaP=b F=H ��@E<NF=H F=H S;@ZF=HaPRQR9��aU H`Um@kBMbM9L?JHKHJInB&�%HJ@EP=?JDEP=�c�=S;PNI�f2@E9��NS;H/��P=H
?JHJSLS;H`F=H S;@Z�=bnHJUV9��JbnHE5 � S InHJbM@ F=D6<=? �=9;Ha<G�=SLP=I�bM@E�=9;FNH � D6P=b Sj@ZU @E?��=9L<=HKF=H S dx9;<slEHJb �
IMHJba5 � <T?��=DE9;IM97B F=D6<=?YS;@iF=HJPRQR9��JUVHYfhDEbMUVHgF=HYUm@kBMbM9L?JHE5

����� � ��.)$ � �&')��.)%P')�#*� 
� <�?JD6<=I BCbnP=9LBVU @E9;<sBCHa<�@E<sB'S dxHJIn��@E?aH

V 3
0h = {v ∈ V 3

h ,γ0(v) = γ1(v) = 0} �HJIM�=@E?JHXF�de@E�=�=bnD QR9LUm@kBM9;D6< 5 ; HY�=bMD��NS��JUVH F=9LIM?abM_aBM9;In_XD �NBCHa<"P�HJI B
(FV )h

�
{

Trouver uh ∈ V
3
0h telle que

∀vh ∈ V
3
0h, a(uh,vh) = L(vh)

4 z



p�HZ�=bMD��NS��JUVHX@ �=9LHJ<�P=< IMHa<=I ?J@Eb
V 3

0h ⊂ H2
0

5 � S�Iad]@E:E9LBKF�dxP=<=HiUV_aBC�=DRFNHXF d]@E���
�=bMDAQR9;U @kBC9LD6<c?JDE<NfhD6bMUVHE5

� <=H @EPRBCbMH`_J?abM9LBMP=bMH`F=PG�=bnD��=S��JUVH`F=9LIM?abM_aBM9;In_ HJI BOS dx_J?abM97BCP=bnH`InD6P=I�fhD6bnU HKU @kBCbn9 �
?J9;HaS;SLH F=P�I � InBC�JUVHZSL9;<=_J@E9;bnH ��P=H

(FV )h

HJ<N:6HJ<=FNbMHE5 N`9;<=In9 � D6<�@

(Ph) Ah.uh = Fh et (Ph) ⇔ (FV )h

avec Ah = [aij]
D��

aij = a(ξi,ξj) et Fh = [Fi] Fi = L(ξi)

�������	��
��������������������������
����������
�� ������!��"#"$��"%���$�&�'���(
�

� <'BCbC@Alk@E9LS;S;H�@Al6HJ?`S;HaI ��P�@,BCbMH fhD6<=?qBC9LD6<=I F=H/��@EInH
ϕ1,ψ1,ϕ2,ψ2

F=_a>=<=9;HaI SLD6bMIG�"PNH
S dxD6< BCbM@ lk@E9LS;S;@E9LBK@Al6Ha? �nP=InBMH S;HJIg� D69L<�BMI

xi ∈ {0,1}
�%D6PNbgD��NBCHa<=9;b`P=<=H'U @kBCbn9;?JHZF=H

bM9;:E9;F=97BC_ FNHXbn_afh_abMHJ<N?JHE5

aref =











a(ϕ1,ϕ1) . . . a(ψ2,ϕ1)

a(ϕ1,ψ1)

555
a(ϕ1,ϕ2)

555
a(ϕ1,ψ2) . . . a(ψ2,ψ2)











=









12 6 −12 6
6 4 −6 2

−12 −6 12 −6
6 2 −6 4









� @k9;<sBCHa<�@E<sB � ?aD6<=InBMbMP=9LIMD6<NI S;@ U @kBMbM9;?aHcF=H�bM9;:E9;F=97BC_m_aS;_aU Ha<�BC@E9;bnH � BMD6P �nD6PNbMI����@EbnBM9;b F=H/��P�@kBMbMHOfhD6<=?qBC9LD6< F=H/��@EInH � U @E9;I ?aHaBnBCH fhD69;I � ?J9 � HaS;SLHJI IMDE<�B F=_q>�<=9LHJI IMP=b F=HaI9;<sBCHabnlk@ES;SLHJItFNHYBC@E9;SLS;H
h
5 8"D69;Ha<�B

ϕ1
h(x) : [0 h] → R et ϕ1(x) : [0 1] → R

N`S;D6bnI
ϕ1

h(x) = ϕ1(
x

h
) ⇒ (ϕ1

h)
′′(x) =

1

h2
ϕ′′1(

x

h
)

^ DE<=?
aK

h (ϕ1
h,ϕ

1
h) =

∫ h

0

(ϕ1
h)

′′(x)(ϕ1
h)

′′(x)dx

=
1

h4

∫ h

0

ϕ′′1(
x

h
)ϕ′′1(

x

h
)dx

� @Eb S;H ?���@k<=:6HJUVHJ<sB`F=Hglk@EbM9;@ �=S;HaI
y = x

h
� DE<�@

aK
h (ϕ1

h,ϕ
1
h) =

∫ 1

0

ϕ′′1(y)ϕ
′′

1(y).hdy =
1

h3
aref(ϕ1,ϕ1)

4 �



^ DE<=?YSj@iU @kBCbn9;?JHgFNHXbn9;:69LF=9LBM_`_aS;_aU Ha<�BC@E9;bnHgHJI B

aK
h =

1

h3
aref

�&�����%� � ���& ������ �&������
'����������������
��� ������
'�� &�����(��"

N ��@Eb BC9;b F=H`Sj@gU @kBCbn9;?JH F=H`bM9L:69;F=97BC_t_aS;_aU Ha<�BC@E9;bnH � D6<VlE@X�%DEPNl6D69Lb ?JD6<=I BCbnP=9;bnH`S;@
Um@kBMbM9L?JHgF=HYbM9L:69;FN9LBC_ �

a(ϕi,ϕi) = a(ϕ2
h,ϕ

2
h) + a(ϕ1

h,ϕ
1
h)

=
1

h3
(aref (ϕ2,ϕ2) + aref(ϕ1,ϕ1));

a(ϕi,ψi) = a(ϕ2
h,ψ

2
h) + a(ϕ1

h,ψ
1
h);

a(ϕi,ϕi+1) = a(ϕ1
h,ϕ

2
h);

a(ϕi,ψi+1) = a(ϕ1
h,ψ

2
h);

a(ψi,ψi) = a(ψ2
h,ψ

2
h) + a(ψ1

h,ψ
1
h);

a(ψi,ϕi+1) = a(ψ1
h,ϕ

2
h);

a(ψi,ψi+1) = a(ψ1
h,ψ

2
h);

a(ψi,ϕi+2) = 0
?A@kbOS;HJIOInP=�=� D6bnBMI`InD6<sBKF=9;I �nD69;<sBCI

N`S;S;PNbMHGF=HcS;@ Um@,BCbM9L?JH � � < ?JDE<=InBMbMP=9LIC@E<sBV?JHqBMBCHTU @kBCbn9;?aH � DE< @ l"P�@E�=��@kbC@��LBCbMH
F=HJIJ�=S;D"?JI � F=D6<N?X� D6P=bOFND6<=<=HabKInD6<�@ES;SLP=bMH � D6<Tlk@'S;@ibMHa�=bM_aIMHJ<sBMHJb �=@Eb/�=S;D"?JIa5











D B

BT

5 5 5 5 5 5
5 5 5 5 5 5

B
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D �
D =

(

24 0
0 8

) HaB
B =

(

−12 6
−6 2

)

4Av



����������� ���$� Fi� <�@
Fi = L(ξi) =

∫ 1

0

f(x)ξi(x)dx

� bOF�@E<NIKSLHg?A@EI F=HY<=DkBCbMHY�=bnD��=S��JUVH � D6<�@
f ≡ −1

F=DE<=?

Fi =

∫ 1

0

−ξi(x)dx

^ _qB�@E9LS;SLD6<=I�SLHJI ?A@kS;?JPNS;IO� D6P=b
ϕ1

h

�

∀x ∈ [0 h],
DE< @

ϕ1
h(x) = ϕ1(

x

h
)

^ DE<=?
∫ h

0

ϕ1
h(x)dx =

∫ h

0

ϕ1(
x

h
)dx =

∫ 1

0

hϕ1(y)dy

^ HYU �JUVH � SLD6bMIG��P=H ξi = ϕj � DE< @

L(ξi) =

∫

supp ϕj

−ϕj(x)dx = −

∫ 2h

0

ϕj(x)dx

= −

∫ h

0

ϕ1
h(x)dx−

∫ h

0

ϕ2
h(x)dx

= −h(

∫ 1

0

ϕ1(y)dy +

∫ 1

0

ϕ2(y)dy) = h(L(ϕ1) + L(ϕ2))

� D6P=bY?A@ESL?JP=SLHJb
L(ϕ1), L(ϕ2), L(ψ1)

HaB
L(ψ2) � D6< @�S;@E<=?J_ SLHJIY?A@kS;?JPNS;IgIMDEP=I

� N � ; � � HqBKD6<�@VD��RBCHJ<�P�S;HaIObM_JInP=SLBC@kBCI InP=9Llk@E<sBCI��

L(ϕ1) =
−1

2
, L(ϕ2) =

−1

2
, L(ψ1) =

−1

12

HaB
L(ψ2) =

1

12
^ DE<=?YD6<TD��NBC9LHJ<sB

L(ϕi) = L(ϕ2
h) + L(ϕ1

h) = −h

HaB
L(ψi) = L(ψ2

h) + L(ψ1
h) = 0

\ ?



^ dxD��

Fh =























−h
0

−h
0555

−h
0























� @k9;<sBCHa<�@E<sB � D6<clk@ �%DEPNl6D69LbOSj@E<N?JHJbOSLHJI ?A@kS;?JPNS;IO<�P=UV_JbM9���P=HJIa5
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� � ����� ���� �

� ��������� � �� 	 � � � � ������� �	�

����� 8#-�� � *5��� %59 9 -
� <=HgfhD69;ItSLHg�=bMD �=S��aU H BMbC@E<=I fhD6bMUV_ � D6<�@ � bM_aIMD6PNF=bMH �

Ah.uh = FhD�� �

= Ah

HJInBKS;@iUm@kBMbM9L?JH F=HXbM9L:69;FN9LBC_KF=P��=bMD �=S��aU Hk5
= uh

HaInBKS;H lEHJ?aBMHJP=b`F=HJI InD6S;PNBM9;D6<NIJ5
= Fh

HJInBKSLH l6HJ?qBCHaP=b`FNHJIKF=D6<=<=_aHJIa5
� D6P=b bM_aIMD6P=FNbMHYS;Hg�=bnD��=S��JUVHgIMD6P=I U @kBCS;@ � � <=D6P=IK@Al6D6<NI`?abM_J_gBMbMD69LItfhD6<=?aBM9;D6<NI �

F=D6<N<=HJHk5eU � Um@,BCbM9L:69;F 5eU � �=bMD��NS;HJUVHE5xU�5

&)+ $)$)���	�7!�

; @XfhDE<=?aBM9;D6<VF=D6<=<NHJHE5xU @Z� D6P=b1�NPNB�FNH ?A@kS;?JPNS;HJb S;H l6Ha?aBMHJP=btFNHJI�FND6<=<=_aHJIP>

Fh

Aq5
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