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QW/[.0/1.
h = 0.01

�
k = 0.005

�
λ = 0.5

/N/N/O/P/N/O/N/O/N/N/O/N/O/P/¡., 
QW/[.0/SR

h = 0.0025
�
k = 0.00125

�
λ = 0.5

/N/N/N/O/N/O/N/N/O/N/P/M.,¢
QW/[.0/^]

h = 0.02
�
k = 0.05

�
λ = 2.5

/N/O/N/P/O/N/N/O/N/O/N/N/O/P/¡.,�
Q7/SR �>E<;G57V[CB?ACB;�3+8WCB:LXU5W;b?@�0:L=OV[:�;9=~�7EL�£?¤Y7EL=<:<X'C969E}¥¦�'?A57=~�7:§/O/N/O/N/P/_RU.

QW/¨Ry/1.
h = 0.01

�
k = 0.005

�
λ = 0.5

/N/O/P/N/O/N/O/N/N/O/N/O/P/©Ry.
QW/¨Ry/SR �>E<;95WV[C~?kCB;>308WC9:<XK57;�?@�0:<=

h = 0.02
:LC

k = 0.05
/O/N/O/N/P/_RA]
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� X�=<30X7;GFHY7�L69:«VH:>�7693+87VH�L��:>Y7:>CB69?+X7;9��306IC4V[FHX7E<?+FH6G:�?@�0:<=b57X7:>�yF1CB:L;9;9:«=<30XW;GC~?AXKC9:
�#30;GF[C9F[�0:

a �
∂u

∂t
+ a

∂u

∂x
= 0,

��30576
x ∈ R

:LC
t > 0

?,�+:<=NY7:<5U��C �y��:<;�Y7:PY730XWX7E<:NFHX7F1CBFH?+VH: �
Y�.����wY7F[;9=<3+XKC9FHXK57:��

u(x,0) = 1
;9F

x < 0 � u(x,0) = 0
;GF

x ≥ 0 �Y³R����w=<3+XKC9FHXK57:��
u(x,0) = (cos 4πx)2

;9F
−1/8 ≤ x ≤ 1/8 � u(x,0) = 0

;GFHX73+X�/

����� ��� �"!$#&%('�)+*�!,*-)/.10+!$23'4.12�56�7%('
¬g30576�=@?AVH=<5WVH:<64VH:<;�=L30576G8#:L;�=<?+6B?A=LCBEL69F[;GCBF[JK57:<;L�*FHV98w?A5WC>69EL;93057YW69:PV;: E<JK5*?AC9FH30XZ;G57F1�

�+?AXKC9: �
dx(t)

dt
= a a > 0

=<;ICB:

<=> x(t) = at + k
3=<

k
:<;GC«V|?}=L30X7Y7F1CBF[30XZFHX7F1CBFH?+VH:

<=> k = x− at> 3+X7=
∀(t,x) ∈ (R+ × R), ∃ k ∈ R

CB:<V�JK57:
k = x− at? :L;«=<?+6B?A=LCBEL69F[;GCBF[JK57:<;>�*?+6G=<305W69:<X'C�CB305yC«V@:^:L;9�*?A=<:+�*YW30X7=N30X���:<5yC«YWFH69:PJK57:PV|?¦;G30VH5y�

CBFH3+X�:L;GC�Y7:PV|? 8!3+69��: �
u(t,x) = u0(x− at)

3�<
u0

:<;IC«VH?}=<30XWY7F[C9FH30XZF[X7F[C9F|?+V[:
:LC�=<:L=<F

∀(t,x) ∈ (R+ × R)

Q



����� � �����".12���� �723'1) ��� .12�� �7%
? ?¦;930V[5WCBF[30XZY*?+XW;�V[:�=@?+;>Y7F[;9=L30X'CBFHXK5�:<;IC �

u(t,x) =

{

1
;GF

x− at < 0
0
;GFHX73+X
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> :P�87<��:+�7VH?};930V[5WCBF[30XZY*?+XW;�V[:�=@?+;>=L30X'CBFHXK5�:<;IC �

u(t,x) =

{

(cos(4π(x− at)))2
;9F

at− 1

8
< x < at + 1

8

0
;9F[X730X

\
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� XoX73+CB:
k

VH:¤�*?A;N:LXqC9:<���7;P:LC
h

VH:¦�*?A;O:LXn:<;G�*?+=L:+/ ? :�;G=~�7E<��?�YW:�2469?+X7�0�
�«FH=L30VH;G30X�:<;IC«V[:�;957F1�A?+X'C �

vn+1

j − vn
j

k
+ a

vn+1

j+1
− vn+1

j−1
+ vn

j+1 − vn
j−1

4h
= 0

� ��� 	 . � �7% �7% ��* ) ��� '12�'4. *�� ) %
� X�Y7E�
7X7F[C�V;: 30��E<69?ACB:L576

Lhk

JK57F�;�:S?A�7�7VHF[JK57:P¥�VH? 8!30X7=DCBFH3+X
u
�*?+6

Lhku(t,x) =
u(t + k,x)− u(t,x)

k
+a

u(t + k,x + h)− u(t + k,x− h) + u(t,x + h)− u(t,x− h)

4h
Ty3+F[C

Lu
V@:^30��E<69?ACB:L576�?+5U��Y7E<6GF[�+E<:<;��*?+6ICBF[:<VHV[:<;�YWE�
*X7F1C>�*?+6

Lu(t,x) =
∂u

∂t
+ a

∂u

∂x� X�;B?+F1C>JK57:OV[: ;9=~�WE<��?�:<;IC�=<30X7;GFH;IC~?+X'C�;9F�30X�?

∀(t,x), (Lhku− Lu)(t,x) → 0
VH3+69;9JK57:

(k,h) → 0

> 3+X7= ��305764�+E<69F�
*:<64V|?�=L30X7;9F[;GCB?+X7=<:bY75Z;9=~�7EL�£?y�730X��A?�:�#:<=DCB57:L6�Y7:<;�YWEL�0:LVH30�U�
�#:L��:LXKC9;«V[FH��F[C9E<; ¥�V@:^306GY769:NR �

u(t + k,x) = u(t,x) + k
∂u

∂t
(t,x) +

k2

2

∂2u

∂t2
(t,x) + ◦(k2)

�



u(t,x + h) = u(t,x) + h
∂u

∂x
(t,x) +

h2

2

∂2u

∂x2
(t,x) + ◦(h2)

u(t,x− h) = u(t,x)− h
∂u

∂x
(t,x) +

h2

2

∂2u

∂x2
(t,x) + ◦(h2)

> :P�87<��:+�73+X�?

u(t + k,x + h) = u(t,x + h) + k
∂u

∂t
(t,x + h) +

k2

2

∂2u

∂t2
(t,x + h) + ◦(k2)

= u(t,x) + h
∂u

∂x
(t,x) +

h2

2

∂2u

∂x2
+ ◦(h2)

+k

(

∂u

∂t
(t,x) + h

∂2u

∂x∂t
(t,x) +

h2

2

∂3u

∂x2∂t
(t,x) + ◦(h2)

)

+
k2

2

(

∂2u

∂t2
(t,x) + h

∂3u

∂x∂t2
(t,x) +

h2

2

∂4u

∂x2∂t2
(t,x) + ◦(h2)

)

+ ◦(k2)

z{C>:<X 
*X

u(t + k,x− h) = u(t,x)− h
∂u

∂x
(t,x) +

h2

2

∂2u

∂x2
+ ◦(h2)

+k

(

∂u

∂t
(t,x)− h

∂2u

∂x∂t
(t,x) +

h2

2

∂3u

∂x2∂t
(t,x) + ◦(h2)

)

+
k2

2

(

∂2u

∂t2
(t,x)− h

∂3u

∂x∂t2
(t,x) +

h2

2

∂4u

∂x2∂t2
(t,x) + ◦(h2)

)

+ ◦(k2)

> 3+X7=+�³?+�W69�<;>;GFH���7VHF�
*=@?AC9FH30XW;<�U30X�?

Lhku =
∂u

∂t
+

k

2

∂2u

∂t2
+

1

2

(

a
∂u

∂x
+ ak

∂2u

∂x∂t
+ a

k2

2

∂3u

∂x∂t2
+ a

∂u

∂x

)

+◦(k+h+hk+hk2)

2�?+V[=<57V[30X7;���?+FHX'C9:<X*?+X'C
Lhku− Lu

��30576��+30FH6�;GF�VH:�;9=~�W�<��?�:L;GC�=<30XW;9FH;IC~?+X'C �
Lhku− Lu =

k

2

∂2u

∂t2
+

1

2
ak

∂2u

∂x∂t
+ a

k2

4

∂3u

∂x∂t2
+ ◦(k + h + hk + hk2)

¢



→ 0
V[3069;GJK57:

(k,h) → (0,0)

? :�;9=~�WE<��?�:<;IC�Y730X7=P=<3+X7;9F[;GC~?AXKC</

� ��� 	 . � �7% �7% ��* � ! 0()/23'	2 � � � � '1)��70�� *
¬g30576>ELC957Y7FH:L6�V|?¦�76GE<=<F[;9F[30X�Y75�;G=~�7E<��?W�*30X�Y730F1C>�#3+57;9;G:<6>VH:L;�YWEL�0:LVH30�W�#:L��:LXKC9;

VHFH��F[C9E<;4¥¤V@:^3+69Y76G:P]���30576��+30FH6�;�:^V�X4: ��?¤�*?+;�Y7:L;«;GFH���7VHF�
*=@?kCBFH3+X7; ��30;G;9FH8WVH:<;L/
ª«�769�L;�=<?+VH=L57VH;L�730X�308WC9FH:<X'C

Lhku = Lu +
k

2

∂

∂t
(Lu) +

k2

6

∂3u

∂t3
+

ah2

6

∂3u

∂x3
+

ak2

4

∂3u

∂x∂t2

+
akh2

12

∂4u

∂x3∂t
+

ak2h2

24

∂5u

∂x3∂t2
+ ◦(k2 + h2 + kh2 + k2h2)

Ty3+F[C
u
CB:<V[VH:�JK57:

Lu = 0
/ > 30XW=O30X�?

Lhku =
k2

6

∂3u

∂t3
+

ah2

6

∂3u

∂x3
+

ak2

4

∂3u

∂x∂t2
+

akh2

12

∂4u

∂x3∂t
+

ak2h2

24

∂5u

∂x3∂t2

+ ◦ (k2 + h2 + kh2 + k2h2)

� X �030F1C�=<VH?+FH6G:<��:<X'C JK54: FHV�X4: �f?Z�*?+;�Y4:^?+5WC969:<;P;GFH���7VHF�
*=@?AC9FH30XW;«��30;9;GFH87V[:<;L/ � X
�#:L5WC�:D�y�76GFH��:<6 VH:<; Y7E<6GF[�+E<:<;�:LX�CB:L���7;4:<X"8!30X7=DCBF[30X£Y7:L;�Y7E<6GF[�+E<:<;�:LXZ:<;G�*?+=<:A�7��?+FH;
VH:}=L30X7;GCB?AC�;G:<6B?�V[:��87<��:+�#=@?+6 V[:<;«=<3U:���=<F[:<X'CB;�Y7:D�A?+X'CPVH:<;bY7E<6GF[�0EL:<;�Y4: 306GY769:¦]�XW:
�#305W69693+XKC��*?A;�;G:P;9FH���7V[F 
*:L6 �

∂u

∂t
= −a

∂u

∂x> 30X7=N30X�?
∂2u

∂t2
= a2

∂2u

∂x2

∂3u

∂t3
= −a3

∂3u

∂x3:LC
∂3u

∂x∂t2
= a2

∂3u

∂x3

�



� F[X*?+V[VH:<��:<X'C<�y30X�308yCBFH:LX'C
k2

6

∂3u

∂t3
+

ah2

6

∂3u

∂x3
+

ak2

4

∂3u

∂x∂t2
= −

k2a3

6

∂3u

∂x3
+

ah2

6

∂3u

∂x3
+

a3k2

4

∂3u

∂x3
6= 0

? :�;9=~�WE<��?�:<;IC�Y730X7=PY4: 3069YW69:OR}:<X�CB:<���7;>:LC�Y7:L5y��:LX�:L;9�*?+=L:+/

� �54 	 . � �7% �7% ��* '4. *-# 2&��2 .10
Ty3+F[C

vn(x) = vn
j ,

�#3+576
x ∈ [xj,xj+1]

:LC
∀j ∈ Z

�g=<30X7;IC~?+X'C9:£�*?+6N��3069=L:@?+5y�
Y7E�
*XWFH:P�#3+576�57X

n

y�WEA/

∀j ∈ Z,∀x ∈ [xj,xj+1[
�*3+X�?

vn+1(x)− vn(x)

k
+ a

vn+1(x + h)− vn+1(x− h) + vn(x + h)− vn(x− h)

4h
= 0

z X7;G57F[C9:+��3+Xf:�#:<=DCB57:¦57XW:�CB69?+X7; 8!3+69��?ACBF[30X�YW: � 305769F[:<6�:<X :L;9�*?+=L:¤?+�7�7V[FHJK57EO¥
V;: E<JK5*?AC9FH30X��76GE<=<ELY7:<X'C9:+/

̂vn+1(ξ)− v̂n(ξ)

k
+ a

eiξh ̂vn+1(ξ)− e−iξhv̂n+1(ξ) + eiξhv̂n(ξ)− e−iξhv̂n(ξ)

4h
= 0

v̂n+1(ξ)− v̂n(ξ) + ak
2isin(ξh)v̂n+1(ξ) + 2isin(ξh)v̂n(ξ))

4h
= 0

� X��#3+;9:
θ = ξh

�7:DC
λ = ak

h

/

̂vn+1(ξ)(1 +
iλsin(θ)

2
) = v̂n(ξ)(1−

iλsin(θ)

2
)

v̂n+1(ξ) =
1−

iλsin(θ)

2

1 +
iλsin(θ)

2

v̂n(ξ)

.@�



� X��#3+;9:

g(θ,k,h) =
1−

iλsin(θ)

2

1 +
iλsin(θ)

2VH: 8w?+=DCB:<5W6�Y :S?+���7V[F 
*=<?ACBF[30X�/
� XZ�030F1C>JK57:

|g(θ,k,h)| =

∣

∣

∣

∣

∣

∣

∣

1−
iλsin(θ)

2

1 +
iλsin(θ)

2

∣

∣

∣

∣

∣

∣

∣

= 1

=@?+6>VH:L;�=<30���7V[:D�y:<;�?+5�XK57��EL6B?AC9:<576�:DC«?+5�YWE<X730��FHX7?ACB:L576�;93+XKC�=L30X � 57�05WE<;</
> 3+X7=�30X�?

|g(θ,k,h)| ≤ 1 + Kk
?@�+:<=

K = 0
�7Y730XW=�FHX7Y7EL�#:LX7Y*?+X'C9:NYW:

θ k
:DC

h
/
> : 3=<��eY4:^?+�76G�<;OVH:¦CB�7EL3069�L��:�Y7:�� 30X ��:<57��?+X7X��gV[:¤;9=~�7EL�£?�:<;GC�FHX7=L30X7Y7F1CBF[30Xy�

X7:<V[VH:<��:<X'C>;IC~?+87V[:P?+5�;9:<XW;
L2

/

.+.
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−1 ≤ x ≤ 1
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ENTRANTES
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CB6B?AXKC9:<;�;9:L57VH:L��:LXKC���30576

x = −1
305

t = 0
� V[:Z8#306GY

x = 1
X7:��A? Y730X7=��*?+;

FHX'CB:L6G�0:LX7FH6>Y*?AX7;>VH:<;�=L30X7Y7F1CBF[30X7;�VHF[��F1CB:L;</
> ?AX7;�VH:L;£Y7:L5y��=@?+;L�4V|?o=<30XWY7F[C9FH30X°VHFH��F[C9:�?+5�8�3069Y

t = 0
=<3+6969:L;9��30X7Y ¥nVH?

=<30X7YWF[CBF[30XZFHXWF[CBFH?+VH:A�y= :^:L;GCI��¥k� Y7FH6G:
u(0,x) = u0(x)

/
¬g30576>V|?};G30VH5WC9FH30XZYWFH;9=L30X'CBF[XU5W:+�*30X�308WC9FH:LXKC

u(t,x) =

{

1
;GF

x ≤ at
0

;GFHX730X
> 3+X7=+�*��30576

x = −1
�*30X�?

u(t,− 1) =

{

1
;9F

t ≥ − 1

a

0
;9FHXW30X

⇒ u(t,− 1) = 1

> :P�87<��:+�7��30576�VH?¦;930V[5WCBF[30X�=<3+XKC9FHXK57:A��3+X�3+8WCBF[:<X'C

u(t,x) =

{

(cos 4π(x− at))2
;GF

at− 1

8
≤ x ≤ at + 1

8

0
;GFHX73+X

> 3+X7=+�*��30576
x = −1

�*30X�?

u(t,− 1) =

{

(cos 4π(x− at))2
;9F
− 9

8a
≤ t ≤ − 7

8a

0
;9F[X730X

⇒ u(t,− 1) = 0
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vn+1

j − vn
j

k
+ a

vn+1

j+1
− vn+1

j−1
+ vn

j+1 − vn
j−1

4h
= 0
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⇔ vn+1

j − vn
j +

ak

4h

(

vn+1

j+1 − vn+1

j−1 + vn
j+1 − vn

j−1

)

= 0
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x = 1
/ � ?+FH;«57X �76G3087VH�L��:O;9:¦��30;9:�VH306G;
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u(t,x+h)

�
u(t,x− h)

�7�757F[;�30X�? 8w?+F[C4Y7:<;>=L30�}87F[X*?+FH;G30X7;�V[FHX7E<?+FH6G:<; Y7:P=<:<;>Y7:L5y�ZC9:<69��:<;>?@�+:<=
u(t,x)

�*=<:PJK57FeY730XWX7:

u(t,x + h) = u(t,x) + h
∂u

∂x
(t,x) +

h2

2

∂2u

∂x2
(t,x) + ◦(h2)

u(t,x− h) = u(t,x)− h
∂u

∂x
(t,x) +

h2

2

∂2u

∂x2
(t,x) + ◦(h2)

.<Q



> 3+X7=

u(t,x + h) + u(t,x− h)− 2u(t,x) =
h2

2

∂2u

∂x2
(t,x) + ◦(h2)

> 3+X7=P30X�?�=~�73+FH;9F�=<30����:�=L30X7Y7F1CBF[30XZVHF[��F1CB:«?+6GC9FH=<F[:<V[VH:bVH?}69:LV|?AC9FH30X

V n+1

N = 2V n+1

N−1
− V n+1

N−2

.,\
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λ = 0.5

��FH=LF
λ = 2.5
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k = 0.05

� X�EDCB57Y7F[:vF[=<F>=<:fJK54: FHV�;9:��*?+;G;9:f;GF
λ
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L2 3.254 ∗ 104 2.8364 ∗ 1010:L6969:L576
L∞ 1.4038 ∗ 105 1.0261 ∗ 1011
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Lhku = Lu +
k

2

∂

∂t
(Lu) +

k2

6

∂3u

∂t3
+

ah2

6

∂3u

∂x3
+

ak2

4

∂3u

∂x∂t2

+
akh2

12

∂4u

∂x3∂t
+

ak2h2

24

∂5u

∂x3∂t2
+ ◦(k2 + h2 + kh2 + k2h2)
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∂u

∂t
+ a

∂u

∂x
+

k

2

∂2u

∂t2
+ a

k

2

∂2u

∂x∂t
+

k2

6

∂3u

∂t3
+

ah2

6

∂3u

∂x3
+

ak2

4

∂3u

∂x∂t2

= ©(k3 + h3)
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∂x3
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